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Abstract

Total Variation (TV) methods, introduced by L. Rudin and S. Osher a
few years ago, are very effective for the recovery of blocky, possibly discontin-
uous images, from noisy data. Unfortunately they are not so effective for the
recovery of textured regions. To improve this, recently, L. Rudin introduced
a novel functional, the Multiscale Total Variation (MTV). The functional is
designed so that it takes into account the interaction between scales. In this
paper we shall present both theoretical and experimental justification of the
method. We study the MTV functional and give some existence and unique-
ness results for the PDE associated to the functional via the steepest descent
method. Then we end by displaying some numerical experiments that show
the effectiveness of the method.
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1 Introduction

L. Rudin and S. Osher proposed some years ago the following method for image
reconstruction (see [18], [21] ,[22], [23]). Suppose your image (or your data) wug is a
function defined on a bounded and smooth or piecewise smooth open subset € of
IR™ -tipically, Q will be rectangle in IR? - and suppose that this data ug is a piecewise
smooth image u that has been transformed via a linear operator A, tipically a blur,
and to which some random noise n has been added. Thus

ug = Au+n (1)

Our purpose is to recover u from the observed data uyg. We must assume some
knowledge of A and n in order to solve the problem. The approach proposed by
Rudin and Osher [22] was to solve the following constrained minimization problem

Minimize/ |Vu|
Q

with /Au:/uo and /|Au—u0|2202
Q Q Q

The first constraint corresponds to the assumption that the noise has zero-mean and
the second that its standard deviation is o. This problem was also studied via a PDE
formulation (corresponding to the steepest descent method) in [18] and, recently, in
a variational formulation in [9]. It will be our purpose here to extend their results

(2)

to the present situation where we wish to minimize the MTV functional, i.e.,

L |Vu| / . »
l\/[mlmlze/Q P+ VG u|2)1/2 + Q([&u —u) )
with /Au = / uo and / |Au — uo|* = o?
Q Q Q

where t > 0, # > 0, p > 1, the meaning of the constraints being the same as above.
The first term of the functional is introduced with the purpose of regularizing the
boundaries of the level sets of the image ug and its discontinuities while at the same
time we try to keep more features and oscillations. To achieve this the first term
contains an interaction between two scales. Here we took the scale corresponding to
o = 0 in the numerator and ¢ = v/f in the denominator. Our numerical experiments
will support our previous assertions. Several scales can be incorporated if, instead
of (3), we minimize

k
|VG7:‘ * u| i
7 [ _ ’ 4
Y N e A AL ()

with the same constraints as above. Here 0 <ty < t; < ... < ty, k> 1,3 >0,
p > 1. The analysis of (4) being the same as that of (3) we shall restrict us to the

simpler model (3).




Let us explain the plan of the paper. In Section 2 we study of the MTV functional
from the variational point of view and prove the existence of minimizers for (3). In
Section 3 we study the assymptotic limits of the main term (the first term) of the
MTYV functional as ¢ — 0+ and ¢t — +o0o showing its relationship with the total
variation. Section 4 is devoted to the study of the PDE obtained from (3) via the
steepest descent method. We prove existence and uniqueness results and study its
assymptotic behaviour. Finally, Section 5 will be devoted to numerical experiments.

2 Existence of minimizers for the MTYV functional

Before going into the precise set of assumptions required to study (3), let us make
precise the meaning of the first integral in (3). For that let us recall that a function
u € L'(Q) whose derivatives in the sense of distributions are measures with finite
total variation in € is called a function of bounded variation. The class of such

functions will be denoted by BV(Q). If v € BV(Q), the gradient of u will be a

vector measure with finite total variation ||Vul|
|Vu|| = sup{/ udivode :v € C3°(Q, IR"), |v(x)] < 1,2 € Q}
Q
Endowed with the norm

lellzy = flulle +[[Vull

BV(Q) is a Banach space. BV(Q) is continuously embedded in L"(Q2) for all r < —"=

if n > 2 and all » € [0, 4o00[ if n = 1, the inclusion being compact if r < "+ in case
n > 2 and for all r € [0, +oo[ if n = 1. Let us define
Ji(w): LP(Q) = Ry
|[Vul :
f BV (Q
Ji(u) = /Q (2 + [V G+ ul2)1 /2 Hue Q) (5)
00 ifue LP(Q)\ BV(Q)

where we take p < - if n > 2 and p € [0,4o00] if n = 1. Concerning the
sense of the integral above, observe that, if u € LP(2), VG, * u € C*(Q). Then
oi(x) = (N + VG *ul?)~Y? € C=(Q). Let u € BV(Q). Since |Vu| is a regular

measure on 2, writing p,, = |Vu|, the definition of J;(u) must be understood as

) = [ eila)dua(e).
Obviously, Dom(J;) = {u € LP(Q) : Ji(u) < oo} = BV(£2). On the other hand,

observe that if u € L'(Q) and J;(u) < oo then v € BV(Q). From this it may seem
at first sight that both functionals have a similar behavior in BV(€Q). But there is
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a basic difference between the total variation and Ji(w). Indeed if A is any linear
operator in L*(2) such that Al = 1 then |[Vu|(Q) + ||Au|z is coercive on BV (Q)
([9], p-2, [1]). This is not the case any more if we replace the total variation |Vu|(£2)
by Ji(u) as is shown in the next remark.

Remark. Let = [—1,1] and let us give an example of a sequence wy such that
Ji(ug) is bounded, f_ll ug(z)de = 0 and TV(ug) = f_ll lup'|de — oo. Let aj be
any sequence such that a; > 0 and ap — oo. Let uy = apX[-2 1] = GrX[_3 _1}.
Obviously [1, up(x)dz = 0. A simple computation shows that .J;(uy) is bounded.
On the other hand TV (ug) = 4ay — oo as k — co. Morteover |Jug|[z = ai — oo as
k — oo. Hence we cannot guarantee an L? bound fou wy, if J;(uy) is bounded even if
Jo uk is bounded. But, if ux, > 0 and [, uy is bounded, then VG * uy is bounded in
L>(Q) and, being J;(uy) bounded we conclude that uy is bounded in BV(€). Thus
additional assumptions will be required to guarantee an L' bound for minimizing
sequences.

Let us summarize our set of assumptions:

H1. uo € L*(Q),

H2. A is a continuous linear operator on LP({),

H3. Al = 1 and A*1 = 1,

H4. n(z) is an oscillatory function representing white noise added to the ’clean’
image. Thus, we know that [y n =0 and [ |n|* = o2,

Hb5. K is a continuous linear map on L?(Q) such that K1 =1, K*l =1and [ — K
is invertible on LP(Q) U{u: [qu =0}.

Here we take p = 2 if n = 1,2 and p = 27 if n > 3. In some cases it can be
convenient to take p € [,
stay in L*() even if n > 3.
To guarantee an L' bound for minimizing sequences we may use two different
approaches. If ug > 0, we take § = 0 and minimize F'(u) = Jy(u) on the admissible
class of functions A = {u € BV(Q) : u > 0} which satisfy the constraints. In other
case, we need to consider the term [ [(Ku — w)? with # > 0 and we minimize

2]. For instance, if A is the identity operator, we may

Fu) = Jy(u) + 5/9(1@ )

on the admissible clas of functions A = BV(§) which satisfy the constraints.
Without loss of generality, we may asume that A(2) = 1, where A denotes the
Lebesgue measure on [R". Using that [, Au-n = [on = 0, a simple computation
shows that
|lug — ¢||3 > o forall c € IR,

In particular

o= [ wolla 2 o
Q



Now we may state our existence result for the problem

Minimize F(u)
uc A (6)

with /Au:/uo and /|Au—u0|2202
Q Q Q

Theorem 1 . Assume that H1-H5 above hold. Let o €]0, [[ug— [q uoll2[. Let ug € X
where X is the closure in L*(Q) of L*(Q) N A(LF(2) N BV(Q)). Then (6) has a
solution u € A.

Proof. Let ug € X. Let ug = ug— [q ug. If ug > 0 change the admissible set A into
A= A — [ ug. In other case, we may write A" = A. Let u be a solution of (6)
with A replaced by A’ corresponding to ug. Observe that [, u = [, Au= [, uo = 0.

Let u = u + [ ug. Then
/Au:/u: ug = 0
Q Q Q
/Q(Au—uo)Qz/Q(Aﬂ—ﬂo)z e

Then if
F(u) < F(v) forallv e A’

/v:() and /(Av—ﬂo)zzaz
Q Q

such that

it follows that

F(u) < F(v) forallve A

/v:/uo and /(Av—u0)2202
Q Q Q

Thus, instead of ug we take ug as data. We have [, 4o = 0 and our functions will
stay in {u € LP(Q) : [ou = 0} which is a closed subspace of L*(€).
Now, let uy be a minimizing sequence for .J in A’ satisfying the constraints. Since

J(ug) is bounded, if > 0, we have

such that

for some constant M > 0. On the other hand, by H5, [ — K is an invertible map from
LP(Q)N{u: Jgu =0} onto Im(I — K). Since fqugr =0, up = (I — K)™" (1 — K)uy
is bounded in LP(9). If ug > 0, then ug > —c¢ (where ¢ = [, up) and we assume
that 8 = 0. Then [q |ux + ¢| = ¢ and it follows that uy is bounded in L'(2). In any
case VG« ug| is bounded in L>°(92) and since Jy(uy) is bounded it follows that wuy



is bounded in BV (£2). Then, passing to a subsequence if necessary, we may assume
that

Up — U weakly in LP()
Vup = Vu weakly as measures in ()

(7)

Moreover, Auy is bounded in L*(Q) and we may assume that Au, — ¢ weakly in
L*(Q2). Since A is a continuous linear map in LP(Q), we have Auy — Au weakly in

LP(Q). Then ¢ = Au. Since VG x uj, — VG xu in C(Q), we see that

/ [Vl < lim inf [V
o (N + VG xu)2 7 koo Ja (02 4+ VG * ug]?)1/2

We also have

[3/ (Ku—u)? < hmmfﬁ (Kuk — uy)?

Hence
RTI
F(u) < hggglfF(uk)
and also
/ Au=0
Q
|Au — to||z < liminf || Aug — tgll2 = 0
k—o0
As in [9] we define f(s) = [[sAu — ugll2. f(s) is a continuous function in [0, 1] such

that f(0) > o and f(1) < 0. Then there exists some s € [0, 1] such that f(s) = o.
Function v’ = su satisfies [ou' =0, ||[Au' — tgl|2 = 0. If s =0, we have ||ugl|]s = 0.
In that case we may take u = 0 as the solution of our problem. Now it is easy to
check that if s €]0, 1] then F'(v') < F(u) unless Vu = 0. This contradicts the fact
that F'(u) is the infimum of our problem. If Vu = 0 we get that u = 0 is a solution
and ||to||z = 0. Hence we may assume that s = 1 and ||Au— tg||s = 0. We conclude
that u satisfies the constraints. O

Remarks. 1) If A is invertible we may take # = 0. In that case, from ||Auj—1tuo||2 =
o it follows that uy is bounded in L?*(Q).

2) In case that « < ug < b we may take as admissible set A = BV(Q) N{u : a <
u < b} and the constant 3 can be also taken negative.

3) If the operator K acts on L*(£)) and satisfies H5 on this space we may take A
= BV(Q) N L*(Q) and get the same results as above.

Our next purpose is to show that if « minimizes (6) then u will be a critical point
of some related functional. For that we first check that the following problems are
equivalent



Minimize F(u)
ue A (8)
with /Au = / up and |[Au—upllz =0
Q Q

Minimize F(u)
ue A (9)
with /Au: / up and ||Au —wl]z <o
Q Q

To check the equivalence between (8) and (9) we observe that if v € A, ||Av —
uplle < o attains the infimum of (9), defining f(s) = ||[sAv — wg||z and arguing as
above we show that ||Av — ugl|s = o. It follows that (8) and (9) are equivalent.

To state our next result we shall need some notation. Obviously the functional
Ji(u) is not convex. Let

Ji(,): LP(Q) x LP(Q) — Ry

be defined by

B |Vl
Huo) = |, (P + VG o2)172 (10)
and let
Fu,v) = J(u,v) + 5/9(1@ ) (11)

Then for all v € L?(Q) fixed the functional v — F'(u,v) is a convex functional. Let
us write d; F'(u,v) to refer to the subdifferential of this functional at v defined on
the set ug + {v € L?(Q) : [ov = 0}. Recall that given a Banach space F, ug € E
and a convex, proper functional ¢ : ug + £ —] — 0o, +00], the subdifferential of ¢
at u € ug + F, 0¢p(u), is given by

dd(u) ={w € E : p(v) — d(u) >< w,v —u > Vv € ug + '}

Notice that it coincides with the subdifferential of the same functional taken in

LP(Q). On the other hand, for any u € BV(Q) fixed, the functional v — F(u,v)
is Gateaux differentiable at any v € ug + {v' € LP(Q) : [ov' = 0}. Let us denote
this derivative by 0 F'(u,v). It is easy to see that it coincides with the Gateaux
derivative taken in L?(€) plus some constant. Now we can state

Proposition 1 . Let u be a solution of (8) and assume that A : LP(Q) — L*(Q) is
continuous. Then there exists some Ao > 0 such that

— XM A™(Au — ug) € O F(u,u) + 02 F (u, u) (12)



Proof. Let us redefine F' so that
Flu) = {F(u) ifueu+{vel’(Q): fgv=0}
~ loo ifudug+{velP(): [qv=0}
Write

0 ifuguo—l—aé

Gl1) = Nagson() = { 1 wt o2

where B denotes the closed unit ball of L?(2). ( is a convex functional. Observe
that ' and G are both lower semicontinuous on LP(Q), L*(Q), respectively . Then
using this notation (9) is equivalent to

Minimize F(u)+ G(Au)
u € LP(N)
Observe that Dom F = BV(Q) N {v € LP(Q) [ov = [quo}, DomG = uy + oB.

Since u is a solution of (8), hence of (9), we have

(13)

F(u)+ G(Au) < F(v) + G(Av) for all v € LP(Q)

For convenience, let us write F'(u,u) instead of F/(u). then

Flu,u) 4+ G(Au) < F((1 = s)u+ sv, (1 —s)u+ sv) +
+ GA(1 = s)u+sv)) < (1 —s)F(u, (1 —s)u+ sv)+
+ sF(v,(1 —s)u+sv)+ (1 —3s)G(Au) + sG(Av)
for any s € [0, 1].Observe that G(Au) < oo and if G(Av) < oo then also G(A((1 —

s)u+sv)) < oco. Then, taking into account that G(Au) < oo and F(u, (1—s)u+sv) <
oo the previous expression may be written as

Flu,u) — Flu,(1 —s)u+sv) < sF(v, (1l —s)u+sv)—
— sF(u,(1 = s)u+ sv)+ sG(Av) — sG(Au)

Dividing the last expression by s and letting s — 0+ we get that
— < hF(u,u),v—u>< F(o,u) — Fu,u) + G(Av) — G(Au)

In other words

— 0y F(u,u) € O(F(.,u) + G(A))(u)

Now recall that we assumed vy € ADomF. Then there exists © € DomF with
| At — ug||2 < §. Since A is continuous from LP(€1) into L*(Q), G o A is continuous

at @ (€ IntDom(G o A)) and therefore ([11], Prop. 5.6)
O(F(.,u)+ G(A)) =0F(.,u)+ dG(A.)

8



Moreover, as (G is continuous at Au we have
J(G o A)(v) = A"0G(Av) for allv € LP(Q)
([11], Prop. 5.7) where 0G(z) = {0} if ||z — wol|2 < 0, 0G(2) = {s(z —ug) : s > 0}

if ||z — ug||2 = 0. As any solution u of (8) verifies ||[u — ug||z = o, we conclude that
there exits some Ag > 0 such that

— 09 F(u,u) € O F(u,u) + AoA™(Au — up)
which gives (12). O

In contrast with the situation in [9], since F' is not convex, we cannot say that
critical points of (12) are minimizers of the corresponding associated functional.

3 Limits of the MTV functional

To understand the meaning of the functional .J; given by (5) we study its assymptotic
behaviour as t — 04, t — +00, respectively. We prove the following theorem:.

Theorem 2 . Let u € BV(IR"). Let Vu = Du + u be the Lebesgue decomposition
of Vu so that Du denotes the density of Vu with respect to the Lebesque measure in
IR™. Let

[Vl

= d 14
= [, L NG aE e (14)
Let
| Dul
= d 1
) = [, G T )
Then
Je(u) = Jo(u) ast — 0+ (16)
and
1
Ji(u) = =TV (u) ast— o (17)
n

If u = hyxo where C is an open bounded subset of IR™ with smooth, say CZ,
boundary 0C, then

Ji(u) = 2v/mt(1 4+ O(t)) H""H(AC) ast — 0+ (18)
and
h 1 .
Ji(u) = 5(1 + O(?))H” (0C) ast— oo (19)



Remarks. The assymptotic limits given in (16), (17) show that .J; connects the total
variation with the functional Jy. Thus, the results obtained by minimizing J;(u) for
large ¢ should not be far from those obtained by minimizing the total variation
([21],[22],]23]). Formulas (18), (19) show the assymptotic limit for the spacial case
where u = hyc. Observe that the size of the jump appears explicitely in (19)
but not in (18). Thus we may expect that when minimizing .J; for ¢ small we shall
regularize the boundaries of the level sets of u without destroying the discontinuities,
i.e., with ¢ small we shall keep better the size of the jumps. Accordding to (16), as
t — 0+ the functional becomes independent of the discontinuities of u. To give a
geometric interpretation of it, let us consider a piecewise smooth image u with jump
discontinuities. The normal to the graph of u is given by N(u) = W(—VU, 1)
a.e. (except on the discontinuity set of w). The functional Jo(u) with n =1 is the
integral of the horizontal (or (z,y)) component of N(w). Thus, minimizing Jo(u)
amounts to minimize the horizontal component of N(u). Intuitively, we can expect
that the minimum is attained for a piecewise constant function. Minimizing Jo(u)
with the steepest descent method should give a piecewise constant segmentation of
the original image. This seems to be the case from the experiments ([7]). But Jo(u)
is a nonconvex functional and the steepest descent method leads to a Perona-Malik
type equation and not much can be said about it besides it is ill-posed. Using J;(u)
for some ¢t > () avoids these problems. We are able to regularize the boundaries of
the level sets of u and its discontinuities and at the same time we keep more features
and oscillations.

Proof. In what follows we denote by A the Lebesgue measure on IR". The first

statement (16) will be a consequence of the following two facts

p{x € R" : htrg(}EfGt *p(x) < ool =0 (20)

/Bn pul2)| Du(z)|dz — /Bnc,o(x)|Du(:1;)|d:1; ast — 0+ (21)

where @ (x) = (n? + |[VGy * u(2)]?)~V2, o(z) = (n? + |Du(x)|?)~Y2. Assume that
(20), (21) have been proved and let us prove (16). From (20) we know that

htIEOIEf Gixp(r) =00 pae on IR (22)

Hence, lim sup,_,o, ¢+(x) = 0 p a.e. on IR". It follows that

/ oi(x)dp — 0 ast — 0+ (23)
R»

Using this, (21) and

/Bn oi(2)|Vulde = /Bn ()| Duldz + /Bn oi(x)dp (24)
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(16) follows immediately. Let us now check (20),(21) above. To prove (20), let

H(M) = {x € suppp : hmmf% < M} (25)

and prove that u(H(M)) = 0. Let ¢ > 0 be fixed. Since  is a regular Borel measure
and A(suppu) = 0, there exists an open subset G of IR" such that G O H(M),
AMG) < e and p(G) < pu(H(M)) 4 . Consider

, p(B(z, 1))
V:{B(x,t).B(x,t)CGandm<M} (26)

It follows from the definition of H(M) that V is a Vitali covering of H(M). Then
([14], [30]) there exists a countable family of balls {Q); : ¢ € IN}, two by two disjoint,
such that p (H(M)\ Uz, Q;) = 0. Since

= Uranne)Unan U e

=1

we have

W(H(M)) < immmw» siu@)s
< MZA ) < MAG) < Me

It follows that u(H(M)) =0 for all M > 0. Now, let
H*(M):{xESUpp/,L:litrEOiEfGt*/,L<M} (27)

Let w, be the constant such that A\(B(0, R)) = w,R", R > 0. Since for |z| < 2/t

1 Wh

Gi(x) > e(dmt)n/? - en™2\(B(x,1))

we have (2.1)
w, xBlz,
>
2 B, 0)

Then, it is easy to check that H*(M) C H(M”n/2) It follows that u(H*(M)) = 0.
Since this is true for all M > 0 and p(IR™\ suppp) = 0, (20) follows. To prove (21),

we are going to prove that for any sequence ¢, — 0+, there exists a subsequence g,
such that

/Bn%k( )| Du(x) |d:1;—>/ 2)|Duz)|dr  as j — oo

11



This implies (21). Thus, let ¢, — 0+. Since Gy, *  — pu weakly™ as measures, we
know that lim sup;_, ., Gy, * u(K) < p(K) for any compact subset K of IR". Since
0,0 < 1/nand |Du(z)| € L'(IR"), given &, > 0, ¢,.(1+ 717) < 5=, we can find R, >0
such that

D de < ¢,
S o, #HENDuCz)ldz < 2

D de < &,
S o, P DUz < <

Now, since A is regular and A(suppp) = 0, we can find a compact subset P, C
B(0, R,) \ supp pt such that A(B(0, R, )\ ) < &, [pn\p, |[Du(z)|dz < ¢,. Let us, for
simplicity forget about the subindex r in the notation above. Since P N supppu = o,
lim supy_, ., Gy, * u(P) < p(P) = 0. Thus,

/Gtk*/,c(:zj)dx—>0 as k — oo
P

Thus, there exists a subsequence 5, of ¢y such that Gy, * p(x) — 0 X ae. on P.
J
Now

[ en @IDu()lde = [ oe)Dul@)lde | <

< 2t (o, () = ()| Dule)da] <

=2 _/ Du(z)|d / — Du(z)|d
< e€—|—77 B(O,R)\P| u()|dz + Plc,otk](:z;) o(2)||Dulz)|dx

Since P, () = o(x) A ae. on P, Py, P < % we have that

. 1 1
lim sup | o c,otkj(:z:)|Du(:1;)|d:1; — /Bn ()| Du(x)|dx] < 2e(1 + ;) <5

tk] —04

Then we may find ¢,” such that

[ t@Duolde — [ o) Duto)lde] < 5

Since this can be done for each r € IN, (21) follows. On the other hand, (17) follows
from the fact that G * Vu(xz) — 0 X a.e. as t — oo.

The precise estimates given in (18), (19) require a more detailed analysis. We
shall sketch it without giving all details. Basically the proof follows the lines of [13].
Differentiating Gy * x¢(«) with respect to x;, 1 =1,2,...,n

1 Yi — T _ ly=zl?

&,Gt *XC’( ) (47Tt)”/2 5 e at Xc(y)dy

12



We are going to estimate the previous expression for all # € dC. Without loss of
generality we may assume that + = 0 and 0 € 9C. Since we are assuming that 9C
is a smooth surface, in particular a C'? surface, we may assume that the outer unit

normal ©(0) at dC at the point =0 is v(0) = (0, ...,0,1) and the boundary of dC
near © = () is given by a graph

Tp = V(x/)v v’ € Rn_lv Hx/H <4

(where ||2/|| = max{|z,/| : ¢ =1,...,n — 1} ) for some § > 0. Notice that v(0) = 0,
V~(0) = 0. Since dC is smooth we may choose § > 0 so that the above construction
can be done with the same ¢ for any point in dC. Moreover, if we make the change
of variables y = dz, then we may write

grtt 2 2R
— e Tat d
) g 2€ " X5 BN

alet * XO(O)
Observe that §7*C' is the graph of vs(z) = @ defined on Q' = {2’ € R"™': ||2/|| <
1}. Let Q ={x € IR : ||z|| £ 1}. Then, we write

| _62|z|2d
- . 4t
(Ant)"/2 2t Jons-10 "€ o

8@. Gt * XC(O) =

| é2|z|2

(47t)/2 2t i dz=1;+ Iy,
+(47Tt)”/2 2t (RW\Q)OS_ch +XC( ) < 1+ 12,
t=1,...,n. Let us first estimate [ ,. First we write
5n+1 Y . 2Z 2
[ln / /6 64t dZ e~ 6| l dZ
' 47‘[‘7/L n/2 Zt /

Then we write

Ly=T+1,—15-1,

where

571—1 _ﬁ 62|Z|2 a
TIZW/Q/G e dZ—O(@ t)

st _aEh? 2R _a
T2 = W/Bn\@l € e W dz = O(e t)

571—1 _7(62/)2 52|Z |2
1= G Jpoa € — e e = 00D

T 571—1 / 3 §212 2 d , 1
= — € 4t o —

* (4mt)™/? Jpn— 2/t

Thus, I, = _z%/ﬁ + O(v/t). A similar analysis along the lines of [13] leads to the
estimate I,; = O(V1), i = 1,...,n — 1. To estimate the integral I,; we observe
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that taking absolute values of the integrand and replacing the region where we are
integrating by IR"\ Q the resulting integral can be easily estimated as a O(e™%) for
some « > 0. Collecting all these estimates we see that

1
20/t

and a similar estimate can be obtained for all x € dC. Now,

ds
Jt(hXC) = h/ac (772 + h2|VGt *Xc($)|2)1/2 =
2\/Hh n-l = n—1
T (rty? + R2(1 + O(t)))1/2H (9C) = 2V/7t(1 + O()) H" 1 (9C)

which gives (18) (dS being the area element of dC'). The asymptotics when ¢ — oo
is simpler and we shall omit the details. O

VG xe(0)] =

(1+0(1))

4 The PDE Approach

For simplicity, we study first the PDE associated to the unconstrained functional
where the results are proved with detail. An approximation to the constrained
case will be considered in the remark at the end of this section. Since, in that
case, the proof of the main result is similar but slightly more cumbersome than the
unconstrained one, we shall omit the details.

Let G denote a gaussian function of variance 7. We define J : L?(Q) — IRy by

|Vl . 5
J(u) = { /Q (02 + |V G * ul2)1/2 ifue BV(Q) N L*(N) (28)
o0 ifue L*(Q)\ BV(Q)

Similarly, let J(.,.) : L*(Q) x L*(2) — IR; be given by

o o
e {/Q A NVGropE L uEBVINLAR) e L) )
o if ue LA(Q)\ BV(Q2),v € L*(Q)

Our purpose will be to write an evolution equation which starting at ug will decrease
the functional J(u) along the trajectory. The trajectory will converge to a critical
point of the functional. For that we need to compute the Euler-Lagrange associated
to J(u). Formally, this amounts to write

wg + O (u,u) + 0o J (u,u) =0 (30)
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where the subdifferential 0;.J(u, u) and the Gateaux derivative dy.J(u, u) at any u €
L*(Q2) are computed with respect to the Banach space L*(Q). Let u € BV(Q)NL*(Q)
and v € L*(Q). Formally at least,

Vu

Oy J(u,v) = —div(O(v) |Vu|)

where

1
®(U) = (772 1|V v|2)1/2 :

and u must satisfy Neuman boundary conditions. On the other hand the Gateaux

derivative 0y.J(u,v) can be computed explicitely. For that, given any vector field
Q € LY(Q, R"), Q = (Q1,...,Q,) and a finite vector measure v = (v, ...,1,) on §)

let us write
Qv =011+ ...+ Q,*v,.
Then, it is easy to see that

Dy J (u,v) = Q*(O(v)’ VG v [Vul) (31)
Thus, formally, we write (30) as

ur = div(O(u) |§Z|) —Q*(O)’VG*v|Vu|) 2€Q,t>0
Ou =0 on 09 (32)
on

u(0,2) = u’(z) in Q

for some initial condition u«°(z). With no constraints we may take u°(x) = ug(x)
where ug(x) is the given image. Before going into the details concerning the existence
of solutions of (32) let us recall the following standard notation. Let £ be a Banach
space, T' > 0.

1.C([0,T], E) :={u:[0,T] — E continuous}.

2.L7([0, 7], E) :={u:[0,7] = E : [ ||u(t)]|"dt < oo} with 1 <r < cc.
3.L%2([0,T], E) :={u : [0, T] = E : ess supyepo rpl[w(t)|| < oo}

4.u € L}, .([0,400], E) means that v € L"([0,7T], E)for allT > 0}.

5. WE([0,T], E) :=={u:[0,T] = E :u,u, € L"([0,T], E)}

First let us write (30) in the form of an abstract evolution problem :

wg + O (u,u) + 0o J (u,u) =0 (33)

To give sense to this formulation, let us recall the following definition: let T > 0,

E=L*Q), f € LY[0,T], FE). We call u € C([0,T], E) a strong solution of
ur + O (u,u) 3 f(t) (34)
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if u is differentiable a. e. on |0, T, u(t) € Dom 01J(.,u(t)) a.e. on ]0,T[ and

—u+ f(t) € 01 J(u(t),u(t)) a.e. on]0, T (35)

In particular, if v € WHH([0,7T], E), u(t) € DomdyJ(.,u(t)) and (35) holds a.e.
on ]0,7] then w is a strong solution of (34). We say that v € C([0,7],E) N
L>=([0,T], BV()) is a strong solution of (33) if there exists w(t) € L'([0,T], E),
w(t) € —02J (u(t),u(t)) such that

w(t) € ug + 0 J(u(t),u(t))

Now we can use the machinery of nonlinear semigroups in Banach spaces to prove
existence of solutions of (33). We have:

Theorem 3 For any u® € BV(Q) N L>(Q), there exists a strong solution u €
C([0,T], L*(Q))NL>=([0,T], BV(Q)) of (33) with initial datum u® such that ||u(t)]|s <
|u®||oe.  Moreover, the functional J(u) is a Lyapounov functional for (33), i.e.,
L J{ult)) <0,

Proof. The proof is divided in two steps.
1st step. Regularization.
Define for each ¢ > 0 the following functional

VAV By n
/9(772 F VG, *ul2)l/2 ifwe BV(Q) ()
00 ifue L*(N)\ BV(Q)

Let ug € WH(Q), Jlullee < fJu°lloc, w2 = u? in L2(Q), [Vug|s — TV(u?) as
e — 0. Observe that this implies that J*(u?) — J¢(u°) ([12], [26]). The correspond-
ing associated problem can be written in abstract form

JH(u) = (36)

ur + O g (u,u) + 02 (u,u) 30

u(0) = u (37)
or in classical form in ]0, T[x 9
= () i) — QO VG e[V
g—z — 0 on 90 (38)

u(0,2) = u2(z) in O

An existence result for this approximated problem follows along the lines of [8] using
an L™ estimate on Vu which is proved as in [3]. We shall only sketch the details.
We introduce the space
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W@jp:@&L%MﬂJW%m)%;eﬁ@]ﬂL@»}

This is a Hilbert space for the graph norm. Following [17], let i8] (0,7 x Q)

loc

(HI%O;W(Q’) where Q' C]0,T[xQ) be the space of functions which are locally Hoelder
continous in ¢ and = of exponents 7 and 7, respectively (Hoelder continous in ¢ and
in " with the same exponents as above). Let Wy be the set of functions in W(0,7")
such that

[l L (po,17,22(9)) < Ch

[w][r (o wi2(0)) < C2
H HLoTB ) < Cs

IVl 30, < Co(@)

for any Q' such that Q' C]0,T[x§, where C4(Q’) depends on the distance from Q’
to the boundary of 10, T[x€Q, C, C3, C5 are some constants to be determined below
and some v €]0,1[ also to be precised below. Observe that Wy is a non empty,
closed and weakly compact subset of W(0,T). Let w € Wy. Consider the following
problem on |0, T[x$}

; Vu 5 3 * W w
uy = div(0O(w) En |Vu|2)1/2) — Q*(O(w)° VH 0 (|Vwl|))
gz =0 on JN) (39)

u(0,2) = ul(z) in Q
Let

B,(t, ) = Q¥(0O(w)’ VG * w ¢.(|Vw|))
Then, this problem can be written in abstract form as

ug + O J(u, w) > —By(t, x) (40)

A classical result in the theory of nonlinear semigroups ([4], [6]) gives us the existence
of a unique strong solution of it satisfying
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el 2o,y < 1 Bullzzqorcay + (7 (u®, w(0)))!? (41)

Moreover, the solution of the problems obtained by adding a term —pAwu at the left
hand side converges to the strong solution of (40). Thus the following estimates

lu(t)]|» < |Jwoll + Ct for all r € [1, +o0] (42)

IVu(t)loo < [[Vloc + O™ (43)

where ', ', C" are constants depending only on n, |VG||s, ||D*G||2, ||D?*G||2 and
the constants C, C3 in in the definition of W, (indeed, they do not depend directly
on Cy but on TV(w)), are easily proved for the problems approximating (40) and,
passing to the limit, they are also true for (40). Let us only mention that the proof
of (43) follows the lines of the analogous estimate given in [3]. Moreover we also see
that u(¢, x) is also a weak solution, i.e. in the sense of distributions, of (39). On the
other hand, let us observe that if v € W (Q) for some r > 1 and v € L?(Q), the
O1J(u,v) is given by

O {u,v)(w) = 12@(”)(52?%3?)”2

Since u; € L*([0,T] x Q) and u is a weak solution of (39), then we see that the
divergence term in (39) is also in L*([0,7] x ) and the equation holds a.e. in
[0,7] x Q.

Now, bounded weak solutions of (39) with Vu bounded satisfy further a priori
estimates. First observe that thanks to the L*™ bound on Vu we may transform

our problem so that the term div(O(w) (62&7;12)1/2

div(O(w) a(Vu)) for some vector a = (ay, ..., a,) such that

) can be written in the form

- aai / 2 n
Vg < 3 S nGG < VIEP Vee R (44)

and some v,/ > 0. Then the strong solution of (40) verifies Vu € HIWO/CZ’W([O, T] x Q)
for some v €]0,1[ ([17], Ch. V., Thm. 3.1). It can be seen that the constant v
depends only on 7, G and the constants (', C5 in the definition of Wy. Thus the
value of v €]0, 1] appearing in the definition of Wy can be fixed once for all.

Now, let for each w € Wy, U(w) be the solution of (39) found above. We
claim that choosing appropiately the constants Cy, Cy, Cs, Cy and for some 7" > 0
sufficiently small U(w) € Wy. Indeed we may take Cy = |[u®||2+1, Cy = [|[Vu?|| o +1,
C3 = % + %(!\VUOHOO + 1), C4 the constant given by ([17], Thm. 5.3). Then, if we
choose T' small enough, we see from the above estimates (42), (43) that U(w) € W.

Finally, let us observe that U is weakly continuous from Wy into Wy. Let w; €

W(0,T), w; — w weakly in W(0,T). Using the definition of W(0,7") and the bound
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(41) it is easy to see that U(w;) — U(w) weakly in W(0,T') (see [8]). Then, by
Schauder’s fixed point theorem there exists some v € W(0,7') such that U(u) = u.
It follows that u € Wy is a solution of (38) in [0, 7] x Q satisfying the estimates (41),
(42), (43). Now let us prove the following estimates on [0, T:

(1)l + m / | 019 ul) < 1)1 (45)

I / ul + [ ©(T)e[Tu(T)) < [ O(u)pu(|Tu’) (46)

To get the first estimate, multiply (38) by %u and integrate by parts, to get:

|Vul? / , ,
= <

[Vul?
< <
/ S‘Qs |Vu| / 52_|_ |vu|2)1/2

and we get that ||u(?)]]2 < ||u®l|s. With this the rigth hand side of (47) can be
estimated by

M? M? [Vu?
< — < —
=t M2 Jy0we(vu) < ?+ M? e (22 + [Vul?)1 72

for some M > 0. Then (45) follows with m =1 — % The second estimate (46)
follows by multiplying (38) by wu; and integrating on . Both estimates together
imply that constants C', C’ and C” only depend on GG and the initial datum wug..
Then solutions of (38) can be extended to [0, +oo[ and both estimates (45), (46) also
hold there. An L™ estimate will be also useful to pass to the limit as ¢ — 0. For any
r € [1,+oof write u” = |u|"sign(u). By multiplying (38) by Lu""!
by parts we get

Vul?
_1 / r 2@ | —
rdt/ ful + (v [u 52—|- | Vu|?)/2

/ O(u)’p.(|Vu|)lVG *u - VG xu""! <

and integrating

< [ O(ufen([Vu) VG x| <

< —[VG*u" Y. | © |V
< LIV G [ O(ueu(Vul)

Since ||VG * v Yo < |[VG|| w7 (' being the conjugate exponent of r) and
l|u|"=Y|+ = ||u]|, the right hand side of above can be estimated by
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1
< VG| lu|i7t | © |V
< LINGI i, Ow)ee(Vul)

Thus, we have
d
el < -
Gl < 196, [ Otua(vul)

It follows that

Ja@ll < Jooell + [ [ Ow)pa(Ful) (43)

which is finite in view of (45). In particular, letting r — oo we get an L> estimate
for u.
2st step. Letting ¢ — 0.

Let u. denote the strong solution of (37) (or (38)) found in the first step. Thus,
letting B.(t) = 0qJ%(u.(t), u.(t)) which is given by the expression (31) we have that
for all v € L*(Q)

JH (v us(t)) — T (u(t),ue(t)) > — < e + Bo(t), v — u(t) > (49)

From the above basic estimates (45), (46), (48) we may assume that, modulo
a subsequence, there exists some function u(t,z) in L>([0,+oo[xQ) with u; €

L*([0, +ool, L*(R2)) TV (u(t)) bounded in [0, 4o0o[ and such that

ue — uwin L7([0,T] x Q) for allr € [1,+o0] and a.e. (50)
VG * u. = VG * v uniformly in z, a.e. int (51)
Uz — ug weakly inL*([0,T] x Q) (52)

Let B(t) = 02J(u(t), u(t)). Now let us check that if v € BV(Q)
1) J(v,u(t)) = limeyo J*(ue (1), us(t))

i) J(u(t),u(t)) <liminf.oo Jo(ue(t), us(t))

101) < Ueg,  — ue(t) >—< ug,v — u(t) > weakly in L2([0,T]
i) < Bo(t),v — u(t) >=< B(t),v—u(t) >

i) and i1) follow easily from (51) and the lower semicontinuity of the total variation
with respect to weak™® convergence. i) follows directly from (50), (52). To prove
iv) let us observe that

/ V| — / V| weakly in L2(Q) (53)
Q Q
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Indeed, since w. := —div( is bounded in L*([0, 7] x ) we may assume

Ve
that w. — w weakly in L*([0,T] x ). Since u. — u strongly in L*([0,7] x ), then

2
/ wu = lim | w.u. =lim [Ve| = hm/ |V, (54)
Q

e—=0.JQ e—0 ( + |VU | 1/2 e—0

where the above convergences are taken weakly in L*([0,7]). Now, write TV.(v) :=

Jo(e% + |Vue|))/2. Then, for all v € BV(9)
TVe(v) = TVe(ue(t)) > — < weyv — ue(t) >
and taking ¢ — 0 we get that
TV(v) =TV(u(t)) > — <w,v—u> ae. int
Choosing v = 0 and v = 2u above we get that
/Qw w="TV(u)

This together with (54) proves (53). Now, (50) implies that Vu. — Vu weakly™ as
measures in [0,7] x Q. Since we also have that

/OT/QWUEH/OT/QWM, (55)

using Lemma 2.1 in [11] it follows that

/()T/Qf(t,x)|Vus| — /()T/Qf(t,x)|Vu|, (56)

for any continuous function f in [0,7] x Q. Since TV (u.(t)) are uniformly bounded
in ¢t with abound independent of ¢, it is easy to see that (56) holds for any f €
L(0.T],C(®)) and

T T
[ [Vl = [ [ )l (57)
o Ja o Ja
for any sequence f. — f in L*([0,T],C(Q)), fe, f € L*([0,T],C(£2)). Since
< But)uclt) >= [ O(0.)'VG + ubu(|Vue VG  u.
Q
with a similar expression for < B.(f),v >, then iv) is an immediate consequence of
(57). Now letting ¢ — 0 in (49) we get
J(o,u(t)) — J(u(t),u(t)) > — < w4+ B(t),v —u(t) > ae. in [0,7] (58)

for all v € BV(Q) N L*), i.e., u is a strong solution of (33) in the sense of
semigroups.
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To see that J is a Lyapounov functional for (33), we consider first the approxi-
mate problems (38). Then it is straightforward to check that

d

—J(us(t)) <0

i) <

le., Jo(us(t)) < J(u.(s)), for any t,s > 0, t > s. Now, since inequalities are
maintained by weak limits, lettig ¢ — 0 and using (51), (53) we get that J(u(t)) <
J(u(s)) for any t,s >0, ¢ > s.

To study the assymptotic behavior as ¢ — oo, we shall need the following esti-

mate
/00/ B(t,:z;)2 < 40
0 JQ

whose proof is immediate by using (45). Since we also have u € L>([0,00), L*(Q2))N
L>([0,00), BV(Q)) and u, € L*([0,00), L*(R)), we may find a sequence ¢, — 0o
and a function v € BV(Q) N L*(Q) such that u(t,) — @, u,(t,) — 0, B(¢,) — 0 in
L*(Q) as t, — oco. Then, passing to the limit in (58) along the sequence ¢,, we find
that

J(v,u) > J(u,u)

for all v € BV(Q) N L*(Q). Taking v = 0, we have that J(u,u) = 0. It follows that

u 1s a constant.O

Remark. We do not know if uniqueness hols for strong solutions of (32) or, in
abstract version, (33). At the level of the approximate equation (38) or (37) with
initial condition u? in W*°(£) there is uniqueness of strong solutions. Indeed this
is not surprising due to the L™ estimate on |Vu|. If we want to compare two
solutions wy and wuy with |Vuy|, |[Vuz| bounded by M, first we transform the term
div(O(u) (62&7212)1/2)
some vector a = (day,...,a,) with a(p) =

into a uniformly elliptic one of the form div(O(u)a(Vu)) for

W for |p| < M and satisfying a
uniform ellipticity condition like in (44). Now the proof becomes standard (see [§]).
As in [18], we can get uniqueness for any initial condition in W2(Q) if we replace the
. Vu
term div(O(u) 7(62+|Vu|2)1/2)
for some vector a satisfying a uniform ellipticity condition.

by a uniformly elliptic one of the form div(O(u) a(Vu))

Remark. In this remark we adopt the notation of Section 2. To get a similar result
for the constrained case, we define the regularized functional

Flu) = J*(u) + 8 /Q (Ku — u)? (59)

where
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pe(IVul) . )
) = {/Q TG € BY(@) 0 1A "

00 ifue L*(Q)\ BV(Q)
and p.(|p|), p € IR", is such that a.(p) = %p satisfies the uniform ellipticity
condition
2 > da; 1 ¢12 n
e < 3 St < VIl vee R (61)
7,75=1 J

for some v,/ > 0. Then, we solve the partial differential equation

uy = div(0(u) a-(Vu)) — Q%(0(u)’ VG * u . (|Vul)) + a(t)
— M)A (Au —ug) — p(I — K)*(I — K)u

@ =0 on 09 (62)
on
u(0,2) = u’(z) in Q

where a(t), A(t) given by

ot) = /Q Q*(O(u)? VG * up.(|Vu]))

/QA*(Au — o) (A(w) — p(I — K)(I — K)u)
M= ERETEIIE

with
A(u) = div(0(u) a-(Vu)) — Q*(0(u)’ VG * u . (|Vul))

are the terms that help to keep the constraints [, Au = [oug and [ |Au—wug|* = o2,
respectively.

Indeed, with arguments similar to the previous ones and to the ones in [1§]
one proves that if A, K satisfy the assumptions H1 — H5 above with p = 2, R(A)
(the range of A) is dense in L*(2), A, A* are bounded operators in W'?(Q2) and
ug, u® € WhH?(Q) are such that [ |[Au®—ug|* = o* then (62) has a unique solution u €
C([0, 00[, LA(Q)) N L>([0, 0o, WH2(Q)), u; € L*([0,00[, L*(2)) and A € L>=([0,T])
for all T' € (0,00). This solution satisfies the constraints above. Moreover, for any
sequence {; — oo, there exists a subsequence t;, such that u(ty,) converges to u
satisfying

O (u,u) + 0o (w, 1) — & > —AA™(Au — uo) — B — K)*(I — K)u

for some a, A € IR.
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